The dc Hall effect in the normal state of cuprate superconductors is anomalous because the longitudinal and transverse components of the current relative to an applied electric field seem to show different temperature dependent relaxation rates, γ 0 (T ) and γ H (T ), respectively. To investigate this anomaly, we extend Hall angle measurements of YBa 2 Cu 3 O 7 from dc to far-infrared frequencies (20-250 cm −1 ) with a new polarization spectroscopy technique. Measuring the temperature dependence of complex Hall angle spectra, we are able to determine the functional dependence of the Hall angle on scattering. We find spectral evidence for an unconventional square Typeset using REVT E X 1
The normal state Hall effect in high-temperature cuprate superconductors exhibits an anomalous temperature dependence that cannot be explained using conventional transport theory for metals. According to the simple Drude model, the resistivity of a metal and the cotangent of its Hall angle cot(θ H ), should share the same temperature dependence, both proportional to the scattering rate of the charge carriers. However, the normal state resistance of cuprate superconductors is linear with temperature, T , while the cot(θ H ) has a robust T 2 behavior [1, 2] over a wide range of oxygen doping [3, 4] , and with substitutional doping [5] [6] [7] [8] [9] in a variety of the cuprates [10, 11] . This apparent duality of scattering rates has been dubbed the "anomalous Hall effect." It was first explained in terms of a non-Fermi-liquid spin-charge separation ansatz where two species of quasiparticles each relaxed at the different observed rates [12] . Subsequent explanations focused either on alternative non-Fermi mechanisms for a T 2 Hall scattering [13] , or on possible k-space scattering anisotropies within a Fermi-liquid [14] [15] [16] or marginal Fermi-liquid [17] framework. Spectroscopic measurements of the far-infrared Hall response just above the critical temperature T c were able to directly determine the relaxation rate of the Hall current [18] , and observed a factor of two difference between the Hall current relaxation rate and the transport relaxation rate within the dual scattering rate interpretation. Temperature dependent measurements of the infrared Hall angle were then performed at higher mid-infrared frequencies (950-1050 cm −1 , and showed that the within the dual scattering rate model, there was a surprising absence of frequency dependence in the Hall scattering rates [19] . However, lacking a thorough temperature dependent study of the spectral Hall response in the low frequency limit (0 < ω < k B T C /h), the validity of the several different interpretations of the dc Hall effect remained an open question.
In this paper, we report the first temperature dependent measurements of the Hall response at far-infrared frequencies. Our results extend from the dc limit to frequencies of order the transport scattering rate, allowing lineshape analysis of the spectral response to determine the functional dependence on scattering. We find spectral evidence for a square law in the Hall response, cot
2 , with a scattering rate γ H (T ) that is itself linear in temperature. At the same time, these results argue against the dual scattering rate model, or any model which similarly assumes a standard Drude-like Hall response, cot(θ
In what follows, all measured parameters depend on infrared frequency ω, i.e. θ H = θ H (ω), so the explicit spectral dependence will often be omitted, and since θ H , θ F << 1, these quantities will be treated under the small angle approximation tan(θ) ∼ θ.
To begin with, we introduce the concept of a frequency dependent Hall angle. At infrared frequencies, the Hall angle θ H cannot be measured directly, but must be deduced from transmission studies of polarized light [18, 19] . The experimentally measurable quantity, the Faraday angle θ F , is the angle of rotation of polarized light induced after passing through a thin transmissive conducting film in the presence of a strong normal magnetic field B. Our experiment is in the thin film limit (d << λ, δ) where d is the thickness of the film, λ is the wavelength, and δ is the penetration depth. θ H is then determined from θ F according to Maxwell's equations.
Here σ xx is the experimentally measured (complex) sheet conductivity, Z o is the free space impedance, and n is the refractive index of the Si substrate. (With the highly conductive films of our experiment, the term in parenthesis is close to unity, so θ F and θ H are comparable.) Being causal response functions, θ F and θ H are both complex and independently obey Kramers-Kronig relations [20] , with the real and imaginary parts of each response function corresponding to a real space rotation and an induced ellipticity, respectively. Both angles in these experiments are of order one degree or less at B = 8 T.
Turning now to the experiment, the cuprate sample investigated was a 500Å film of YBa 2 Cu 3 O 7 deposited on a 1 cm × 1 cm × 350 µm insulating silicon substrate, with an intermediate layer of 100Å yttrium stabilized zirconate. The sample was mounted in an 8 T Oxford cryostat magnet with the B field oriented along the optical axis, normal to the sample surface. Two 8 cm diameter Kapton cryostat windows on either side of the sample allowed direct optical access. Sourced by a broadband quartz Hg arc lamp, the spectra were measured using a step-scan Fourier transform interferometer with wire-grid polarized beam-splitters having a density of 40 wires per mm. A mechanically rotating optical element modulated the light incident on the sample, and the transmitted signal was measured with a bolometer detector using standard lockin techniques at harmonics of the rotator frequency.
Schematics of the two experimental measurements with the essential optical elements are shown in the insets of Fig. 1 . The optical polarization E = (E x , E y ) is complex, with each component having a magnitude and complex optical phase. Optical elements will be represented by complex 2 × 2 matrices.
To measure the Faraday angle, Re(θ F ) the following optical setup was used. Polarized light E i = (E i , 0) was projected through a mechanically rotating linear polarizer P with rotation angle φ(t) = 2πf rot t, where f rot =70 Hz. The light then passes through the sample with transmission T, and finally strikes a stationary polarizer before reaching the bolometer detector. With R(φ) representing the rotating frame of the spinning polarizer, the complete expression for the transmitted electric field is therefore
The transmitted power can be expressed in terms of harmonics of the rotator frequency,
= P 0 + n P n cos(nφ) + Q n sin(nφ) where we are interested in the second harmonic components:
Using a dual channel lock-in to measure P 2 and Q 2 terms simultaneously, the ratio of their amplitudes is itself the real part of the Faraday angle.
Im(θ F ) is measured analogously (lower inset Fig. 1 ), but the light is modulated into right and left elliptical polarizations with a mechanically rotating quarter-wave plate W(ω). The waveplate shifts the optical phase of the along its extraordinary axis by the retardance β(ω). Omitting the polarizer that was previously in front of the detector, gives
The second harmonic term of interest is
Making a separate measurement of the transmitted spectral intensity, S =
(t * xx t xx ), and calibrating our waveplate to determine β(ω), we can then deduce,
The raw experimental data in Fig. 1 consists of the directly measured Re(θ F ) and Im(θ F ) parts of the Faraday angle. Physically these two quantities must be Kramers-Kronig (K-K) transforms of each other, so a plot of Im(θ F ) against the K-K transform of Re(θ F ) in the lower plot demonstrates the consistency of the two measurements. The signal for Im(θ F ) cuts off below 100 cm −1 because at low frequencies the vanishing retardance β(ω) of the rotating waveplate at low frequencies produces a vanishing elliptical signal. Given the excellent agreement of Im(θ F ) in Fig. 1 with the K-K analysis, the Re(θ F ) and its K-K transform will be taken to represent the complex FIR response, giving us the full 20-250 cm −1 FIR range for the analysis below.
The complete raw data set will now be reexpressed through Eq. 1 in terms of a more useful derived quantity, the reciprocal Hall angle θ −1 H (Fig. 2) . The complex longitudinal conductivity required for Eq. (1) is determined from fits to the transmission data (inset, Fig. 2 ) using an extended Drude model [29, 30] . At low frequencies, we see that Re(θ −1 H ) extrapolates to the dc transport values measured on a separate sample using the Van der Pauw geometry, and the dc points exhibit the T 2 law universally observed in the cuprates. The first step in the analysis is to compare the observed θ H (ω) to a Drude form. In the simple Drude model with θ H << 1, quasiparticles processing at the cyclotron frequency ω H = eB/m * c will traverse a fraction of a cyclotron orbit during the time τ H between scattering events. Any longitudinal current j x will therefore deflected transversely into j y by this small arc angle θ H = jy jx = ω H τ H . To extract an ac function, we make the standard substitution for the scattering rate γ H = 1/τ H , namely γ H → γ H − iω. The simple Drude expression for the dc Hall angle then becomes a Lorentzian:
Besides being the expected lineshape for a Drude Hall response, the Lorentzian lineshape is also expected to describe the dual scattering rate model, where the cyclotron frequency ω H is predicted be temperature independent, and the full T 2 temperature dependence is assumed by the scattering rate γ H ∼ T 2 [5, 12] . The reciprocal of a perfect Lorentzian separates neatly into a real part that is frequency independent and an imaginary part linear in frequency.
Looking again at θ Fig. 2 , it is clear that θ H is not a valid Lorenztian over the full frequency range, with Re(θ Fig. 3 . The physical meaning of the non-Lorentzian behavior can now be clearly interpreted as a rapidly decreasing scattering rate γ H (ω) above 100 cm −1 . This is at once puzzling, because although many processes might be expected to enhance scattering at increasing frequencies, few would be expected to reduce scattering. It may be that as we approach 250 cm −1 , known interaction energy scales may exert an influence (π-π resonance E π−π ∼ 400 cm −1 ; superconducting gap ∆ SC ∼ 300 − 500 cm −1 [21, 22] ). One can therefore best judge the validity of the Lorentzian description in the low-frequency limit where these influences are negligible.
A Lorentzian description of the low-frequency data is summarized in the inset of Fig. 3 with the temperature dependence of the limit values γ We will argue below that the observed infrared behavior in the dc limit rules out the likelihood of any Lorentzian form for θ H (ω) and therefore rules out Drude-like models of Hall transport. Although the observed linear T behavior of γ dc H (T ) can at least be empirically accounted for by invoking the T -linear longitudinal scattering rate (inset , Fig 3) , the 1/T dependence of ω dc H (T ), implies that the cyclotron mass increases with increasing temperature. Yet infrared reflectance measurements interpreted under the extended Drude model show that the frequency dependent transport mass decreases by about 30 % over this same temperature range [30] . Thus the observed temperature dependences of ω dc H (T ) requires that any Lorentzian model for Hall response be able to explain an anomalous cyclotron mass.
Inspired by Varma and Abrahams [17] who predict a dominant γ 2 contribution to the dc Hall scattering θ H =
, we analize a square-Lorentzian as an alternative functional form for the Hall angle:
The cyclotron frequency ω H is still proportional to B, and Ω P is a parameter whose physical meaning will be described shortly. Looking at the square root of the reciprocal Hall angle, θ
we can extract the new parameters of interest, Γ H , and the product √ ω H Ω P . In Fig. 4 one sees at once the striking independence of √ ω H Ω P from both temperature and frequency. The observation of such a robust parameter that is constant over 0-250 cm −1 in infrared energy and 95-190 K in temperature is most remarkable, and is one of the most convincing arguments that the square-Lorenztian analysis is elucidating the correct physics. The scattering rate, Γ H , is again linear in temperature in the dc limit, but with twice the value as in the Lorentzian analysis. Γ H shows a moderate increase in scattering rate at higher frequencies, which is consistent with scattering rates measured in other experiments, namely the self-energy observed in angle-resolved photoemission spectroscopy (ARPES) measurements [31] and measurements of the longitudinal scattering rate deduced from infrared spectroscopy [23, 30] Currently the only current physical explanation for how such a square-scattering law could arise in the dc limit is provided by Varma and Abrahams [17] . Solving the Boltzmann equation in the presence of a B field with strong anisotropic elastic scattering, they report a square scattering term which dominates the Hall response in the case of normal state cuprates near the pi − pi corner of the Fermi surface. Coupled with a marginal Fermi-liquid description, the observed cot(θ H ) ∼ T 2 behavior then results. The physical meaning of the parameter Ω P = 1/τ P is that as quasiparticles execute their k-space orbits in a B-field near the pi − pi point, the scattering rate itself is changing at a rate characterized by 1/τ P .
The θ H (ω) = ω H Ω P /(Γ H − iω) 2 functional form for the Hall angle cannot be valid at all frequencies since it leads to a Hall sum [20] of zero: ω H = 2 ∞ 0 tan[θ H (ω)]dω = 0, inconsistent with the finite ω H implied by ARPES measurements of the Fermi surface or from band theory. Also, the square scattering form would imply Re(θ H ) < 0 in the high frequency limit (ω > Γ H , γ 0 ) in contrast to the positive Hall angle observed at 1000 cm −1 [19] . The energy scale for the breakdown of the form θ H = ω H Ω P /(Γ H − iω) 2 is therefore an interesting topic for further investigation. Possibilities for the characteristic energy scale for the breakdown form include ∆ SC , E π−π , ω > Γ H or ω > T . Beyond this characteristic energy scale, the Hall angle sum rules tell us that the asymtotic form must once again revert to a Lorentzian.
In summary, we have measured the complex Hall response at infrared frequencies and compare the observed θ H (ω) to models either linear or quadratic in the scattering rate, producing a Lorentzian and a square-Lorentzian frequency response, respectively. The Lorentzian form that follows from a simple Drude model yields a curious temperature dependence in the cyclotron frequency, ω H ∼ 1/T as well as anomalous frequency dependence in γ H . Both observations are difficult to explain on general physical grounds, and neither is consistent with the dual-scattering rate model. In contrast, a square-Lorentzian response is able to characterize the entire Hall response from 95-190 K and from 0-250 cm −1 with two physically well-behaved parameters. First, the scattering rate Γ H (ω, T ) has only a weak frequency dependence and extrapolates at zero frequency to a linear T behavior, and the other parameter ω H Ω P proportional to the cyclotron frequency has no observable frequency or temperature dependence whatsoever. Inset plots the low-frequency limit of these parameters vs. T. 
